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A TABLE OF /(3n)etins? f “etim? ) FOR COMPLEX VALUES OF ¢

P

By P. C. CLEMMOW, Cavendish Laboratory, Cambridge
anp CARA M. MUNFORD, Mathematical Laboratory, Cambridge

(Communicated by D. R. Hartree— Received 16 April 1951—Tables checked in proof 2 July 1952)

In the theory of wave propagation the above function has applications for which p may be com-
plex within a certain range of argument. Tables of the real and imaginary parts of the function
are given to four decimal places, for values of | p| from 0 to 0-80 at intervals of 0-01, and for values
of arg p from 0° to 45° at intervals of 1°.

1. INTRODUCTION

The tabulation of functions for complex values of their argument is very seldom under-
taken. This fact is, perhaps, not surprising in view of the enormous increase of labour
involved when the argument has two degrees of freedom. It is, however, unfortunate that
the widespread use of the complex variable in mathematical physics cannot be more
adequately supported by numerical tables. The deficiency is particularly noticeable in
wave theory; here the complex variable is an essential tool, but both the relatively simple
form and the physical content of a result may be destroyed by the necessity of separating it
into real and imaginary parts for the purpose of computation.

In the course of recent work on wave propagation, one of the authors has become con-
vinced of the desirability of tabulating a function allied to the complex Fresnel integral for
complex values of the argument. The tables given here are a partial fulfilment of this
requirement. There follows a brief description of the function, together with an indication
of the type of problem in which it will be useful.

2. THE FUNCTION

Although the general nature of a function for which numerical values are required may be
clear, there is often some arbitrariness in the choice of the exact form to be adopted for
tabulation. This is the case here. We have said that the function with which we are con-
cerned is related to the complex Fresnel integral, but to-day this term might imply any one
of the four following integrals:

P

f ik g, (1)
0
p L,

f e~ tmA d/l’ (2)
0

f e, (3)
p

fm e~ tinA? d)(, (4)

dp
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190 P. C. CLEMMOW AND CARA M. MUNFORD

omitting minor variations such as changing the sign of i. The distinction between (1) and
(2) is unimportant, as is likewise that between (3) and (4). On the other hand, (3) and (4)
arise more directly in physical applications than (1) and (2) respectively.

When the Fresnel integrals were originally introduced, only real values of the argument
were considered. The functions (1) to (4) may be conveniently tabulated for real values
of p; but when p is complex within a range of argument to be discussed in the next section,
(1) to (4) are not suitable for tabulation. The inclusion of an appropriate exponential factor,
however, yields functions which are free of this defect; and, indeed, it is these new functions,
rather than (1) to (4) themselves, which appear in physical problems.

The above considerations led to the choice of

Glo) = e[ e dl = () e ety 5

vimp p
as the function to be tabulated for complex values of p. The function of z obtained from (5)
by writing p = ./(2/m) z has a slightly simpler mathematical form, but the adoption of
p rather than z as the argument is in accord with most of the existing tables of Fresnel
integrals.
3. THE RANGE OF ARGUMENT

In the physical applications which we have in mind it is found that 0 <arg p < 4=, and the
tabulation of (5) has therefore been confined to values of argp within this range. The
asymptotic expansion of (5) for large values of | p | is then

1 1 1.3 1.3.5
GOV~ s Jam) 5| it e G ) (©)
which shows how the behaviour of (5) as | p | +-0c0 compares favourably with that of the same
function without the factor exp (imp?).

The values of | p | in the tabulation of (5) have been taken from 0 to 0-80. Since the values

are not large it is convenient to write (5) in the form

Glp) = 1 (m) et~ A(p), (7)

. vUmp
where A(p) = el f e-iR ), (8)
0

For several particular values of arg p, 4(p) is expressible in terms of standard functions. Thus,
in addition to the case where p is real, we may note that

A4Sl 4
Ao e Hm) = e~¥m e%’"’?fo e~ da, (9)

vimo
and Ao etim) = etim e“%’"’zj et dA. (10)
0

4. THE METHOD OF COMPUTATION
The table given is concerned with values of | p | which are small or moderate, and the
function was therefore expressed in the form (7). A(p) was obtained from the expansion
—dimp? _ S (_z)n 1 2n+1 11
¢ A(p) ngon! (2n+ ) {~/(“27T) ,0} : ( )
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ON THE COMPLEX VALUES OF p 191

Since exp ($7mp?) must be calculated in order to obtain the first term in (7), the series (11)
was adopted in preference to the corresponding series for 4(p) itself, being just the more
rapidly convergent of the two.

Writing p = ¢ €%, pivotal values of the real and imaginary parts of (7) were obtained for
values of o from —0-2 to +1-0 at intervals of 0-1, and for values of & from —10° to +55° at’
intervals of 5°. These pivotal values were calculated nominally to six decimal places, up to
eleven terms of (11) being taken.

They were then checked by differencing, first in the ¢ direction and secondly in the
a direction. Differencing, however, does not detect a systematic error, or a small error
at the limits of a table, and it was decided to check, by an independent calculation, the
values of G(p) for « = 0°, 45° for all values of ¢. The formulae used were:

(a) for a = 0°

o a
RG(p) =.J(3m) [% (sindmo?+cos $mo?) —sin %mrzf sin 372 dt — cos %mﬂf cos 3mt? dt] ,
0 0

. o o
I G(p) =/ (3m) l:%(sin $mo?—cos ymo?) —sin %mrzf cos imt? dt+ cos %—mfzf sin {m¢? dt:l ;
0 0

(8) for & — 45°
o g L L[
AG(p) = e (4m) 5 szoewdt],

S Gp)— — e~ (3 I}rﬁ f :e‘*”ﬂ dt:l .

A check, using formulae based on the U-series for Lommel’s functions (Watson 1922,
p. 545), was also made for « = —10°, —5°, +40°, +50° for ¢ = —0-20, —0-10, -+ 0-80,
+0-90, -+ 1-00.

The differencing of the pivotal values was done on a National machine and five decimal
places were kept. The set of differences with respect to « was used for subtabulation of
the table to every degree of the argument. This was also done on a National machine using
the method described by Comrie (1936, p. 104; 1932, p. 538). A second subtabulation in
the ¢ direction was then performed in order to produce a final table to four decimal
places at interval 0-01 in | p |. Five decimals were kept throughout up to the final stage of
subtabulation, together with the requisite number of fictitious figures necessary to produce
an exact check at the pivotal values.

5. APPLICATIONS

Since the earliest occurrence of Fresnel integrals in classical diffraction theory a number
of other applications have arisen. A notable group of problems involving functions like (5)
with, in general, complex values of p, is that for which wave propagation takes place over
the surface of separation of different media. Some of these examples have been discussed
by Ott (1943). |

The function (5) appears frequently in wave theory for the following reason. Many

problems in wave propagation may be solved by expressing the field as an angular spectrum
23-2
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192 P. C. CLEMMOW AND CARA M. MUNFORD

of plane waves (Booker & Clemmow 1950), and this representation leads to solutions in
the form o
f A e dp, (12)

.where £ is real and large compared to 1. When f{1) has simple poles it may be shown that
(12) can be reduced to a function like (5) by using a modification of the method of integra-
tion by steepest descents (Pauli 1938; Ott 1943; Clemmow 1950); the argument of this
function will be complex unless the poles of f(1) happen to lie on the imaginary axis.

6. OTHER TABLES

In view of their many applications, the paucity of tables of Fresnel and allied integrals is
disappointing (see Fletcher, Miller & Rosenhead 1946, p. 296). Even the Fresnel integrals
for real values of the argument have received inadequate attention. In a recent exposition
of rocket ballistics, Rankin (1949) introduced the function (5) multiplied by ./(2/7), and,
for real values of p, found it necessary to compute a new table in order to obtain four figure
accuracy with linear interpolation. Miller & Gordon (1931) give a lengthy discussion of
some relevance which includes a valuable table of the integral (10) for real values of
x = /(3m)e, but for general complex values of the argument nothing is available; although
the present table fills the gap to some extent, much yet remains to be done in this direction.

7. DESCRIPTION OF THE TABLE

The real and imaginary parts of the function

0

Glp) = J(bm) ctn [ “e-imi

p
are tabulated to four decimal places, for values of arg p from 0° to 45° at intervals of 1°, and
for values of | p | from 0 to 0-80 at intervals of 0-01. The table should be accurate to within
one unit of the last figure.

For interpolation purposes, the second differences in both directions are negligible. For
interpolation in one direction only, ordinary linear interpolation in one variable can be
used.

For interpolation in the two variables ¢ = | p | and « = arg p convenient formulae are

G, = Goo +mATGyy+nAaGyy+mn(AoGy — AaGyy)
= Gy +mAcGyy+nAaGyy+mn(AaG,,— AaGy,),
where AoGyy = Gy— Gy AaGyy = Gy — Gy,
AoGy, = Gy =Gy, AaGyy = Gy — Gy,
and m, n are the fractions of the interval in the ¢ and « directions respectively for which the
interpolated value is required (see figure 1).

GOI Gu

mn

Ficure 1
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These formulae are equivalent to interpolating linearly in the a-direction between G,
and G, and between G,, and G,, and then in the s-direction between the resulting G,
and G, to obtain G,,,. They are correct at all four points (m,n) = (0,0), (0,1), (1,0) and
(1, 1), not only at three of these points as a formula linear in m and in n would be. A check is
provided by use of the formula

Gy = Gy—(1—m) AoGy, — (1 —n) AaGy,— (1 —m) (1 —n) (AaGyy— AaGy)
=G, —(1—m) AcGy — (1 —n) AaGy— (1 —m) (1 —n) (AcGyy—AcGy,).
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